We develop a new perturbation method to study the dynamics of massive tensor fields on extremal and near-extremal static black hole spacetimes in arbitrary dimensions. On such backgrounds, one can classify the components of massive tensor fields into the tensor, vector, and scalar-type components. For the tensor-type components, which arise only in higher dimensions, the massive tensor field equation reduces to a single master equation, whereas the vector and scalar-type components remain coupled. We consider the near-horizon expansion of both the geometry and the field variables with respect to the near-horizon scaling parameter. By doing so, we reduce, at each order of the expansion, the equations of motion for the vector and scalar-type components to a set of five mutually decoupled wave equations with source terms consisting only of the lower-order variables. Thus, together with the tensor-type master equation, we obtain the set of mutually decoupled equations at each order of the expansion that govern all dynamical degrees of freedom of the massive tensor field on the extremal and near-extremal static black hole background.
background. Such a formalism-besides the astrophysical context-may also be useful in the context of string theories and holographic scenarios, in which asymptotically AdS black holes and various effectively massive fields play a role. For massive vector fields, such a formalism has recently been developed in static, extremal and near-extremal black holes [46] . The purpose of the present paper is to generalize the formalism of Ref. [46] to the case of massive tensor fields on the same type of static black hole spacetimes.
In this paper, following the strategy of Ref. [46] , we first consider as our backgrounds, a generic class of warped product metricsḡ µν that include static black holes in general D-dimensions and massive tensor fields h µν that obey linear wave equations on the backgroundḡ µν . One may view either that bothḡ µν and h µν obey the same massive gravity theory with h µν being a linearized perturbation off ofḡ µν , or that the backgroundḡ µν is given by, say, general relativity, while h µν is a test/probe field which lives in the dark sector or which acquires the mass term effectively by, e.g., string compactifications. We can classify the linear massive tensor field h µν on the background geometryḡ µν into three different types: the tensor-, vector-, and scalar-types. For each type of the variables, by separating the "angular" coordinates, we reduce the equations of motion for h µν to a set of equations on a two-dimensional spacetime spanned by the time and radial coordinates. At this stage, the equations of motion for h µν are still intricately coupled. As the next step, we restrict our attention to extremal and near-extremal black holes. It is known that such a black hole admits the so-called near-horizon geometry obtained by taking a scaling limit of the neighborhood of the event horizon [47] . The near-horizon geometry in general possesses enhanced isometries higher than the isometries of its original black hole [48] and has been extensively studied in various contexts [49] [50] [51] [52] , including e.g., stability of extremal black holes [53] [54] [55] [56] [57] [58] [59] [60] and applications of the AdS-CFT correspondence [61] [62] [63] [64] [65] .
We show that on the near-horizon geometry, the equations of motion for the massive tensor field h µν reduce to a set of mutually decoupled master equations. Then, by viewing the scaling parameter, say λ, as a small perturbation parameter, we expand both the field variable h µν and the background metricḡ µν in power series in λ about λ = 0 as
with the leading metricḡ
µν =ḡ µν | λ=0 being the near-horizon geometry. By doing so, one can successively analyze the dynamics even in far region away from the horizon. Finally, we show that at each order of λ (and for each type of perturbations), the equations of motion reduce to a set of decoupled equations with source terms given by the lower-order variables.
In the next section, we describe a warped product spacetime in D = m + n-dimensions as our background, provide some geometric formulas used in the subsequent sections, and write down the equations of motion for massive tensor fields in our warped product background, thereby establishing our notation. Then, in Sec. III, we decompose massive tensor fields into three different types: the tensor-, vector-, and scalar-type with respect to the n-dimensional base space. By introducing harmonic tensors defined on the n-dimensional base space for each type of variables, we reduce the equations of motion for massive tensor fields to equations in m-dimensional spacetime. Sections II and III largely follow Refs. [66, 67] . In Sec. IV, as a concrete background example we consider 4-dimensional extremal and nearextremal Reissner-Nordstrom black hole. By taking the near-horizon limit and expanding both the background and the field variables with respect to the near horizon scaling parameter as explained above, we derive a set of decoupled master wave equations at each order of the near-horizon expansion. In Sec. V, the same method applies to more generic class of static extremal and near-extremal black holes. Section VI is devoted to summary and discussion. We give some concrete expressions of some formulas in Appendix.
II. MASSIVE TENSOR FIELDS IN A GENERIC WARPED PRODUCT SPACETIME
With an eye to a wide variety of applications in fundamental physics, we shall start with a fairly generic class of warped product background spacetimes, provide some geometric formulas, and write down the equations of motion for massive tensor fields in our background.
A. Background geometry
Consider D = (m + n)-dimensional spacetime (M,ḡ µν ) that is given as a warped product of an m-dimensional spacetime (N m , g ab ) and an n-dimensional space (K n , γ ij ) with the metric form
where y a and z i are local coordinates in N m and K n , respectively. Accordingly, we hereafter use the greek indices to denote geometric quantities on M, the latin indices in the range a, b, c, . . . on N m , and the latin indices in the range i, j, k, . . . on K n . We may occasionally use the latin indices to denote the corresponding coordinate components of geometric quantities on M. We assume that (K n , γ ij ) be an Einstein space so that its Ricci tensorR ij is given bŷ
where K is some constant and hereafter set to be normalized as K = 0, ±1.
Let∇ µ , D a , andD i be the covariant derivatives associated withḡ µν , g ab , and γ ij , respectively. Then, we find that the nonvanishing components of the Christoffel symbol associated withḡ µν are given bȳ
where Γ a bc andΓ i jk are the Christoffel symbols associated with g ab and γ ij , respectively. We also find that the nonvanishing components of the curvature tensorR µ νλσ on M are related to the curvature tensors R a bcd on N m and
Note that when (K n , γ ij ) is a constant curvature space,R i jkl = K δ i k γ jl − δ i l γ jk with K corresponding to its sectional curvature. The nonvanishing components of the Ricci curvatureR µν :=ḡ αβ R µανβ are given bȳ
where R ab := g cd R acbd . The scalar curvatureR is
where R := g ab R ab .
B. Equations for massive tensor fields in a generic warped product spacetime
We consider the following equations of motion for massive tensor field h µν with the mass-squared µ 2 ,
accompanied with the conditions:
where¯ =∇ µ∇ µ . The massive tensor field h µν possesses (D − 2)(D + 1)/2 independent components. The action and derivation of the above equations for massive tensor fields are given in Refs. [68, 69] (See also Ref. [15] ). As mentioned before, one can view the above massive tensor field as a probe field propagating on a spacetime given by the standard Einstein gravity or as a linear perturbation of a solution to some nonlinear massive gravity theory, such as the nonlinear massive gravity [70, 71] .
By using the formulas (5) and (6), the (a, b)-, (a, j)-, and (i, j)-components of Eq. (9) are written, respectively, as
where∆ = γ ijD iDj . Note that the indices of h kl and h k k in Eq. (14) are raised byḡ ij . The constraints (10) and (11) are decomposed as
III. DECOMPOSITION OF TENSOR FIELDS AND EQUATIONS OF MOTION
In general, the components of any second rank symmetric tensor field on M = N m ×K n can be decomposed into the three different types-called the tensor, vector, and scalar-type-according to their tensorial behavior on K n [66, 67] . By introducing harmonic tensors on K n and expanding the tensor field variables in terms of them, one can reduce the equations of motion for each type of the tensor fields into a set of equations on N m . For simplicity, throughout this paper we shall omit the index for labeling the harmonics and the summation symbol with respect to the index.
A. Tensor-type component
We first consider the tensor-type components of h µν which can be expanded in terms of the harmonic tensor fields
where λ L is the eigenvalue of the Lichnerowitz operator∆ L on K n . Note that∆ L is related to the Laplace-Beltrami operator∆ on K n as∆
Therefore when (K n , γ ij ) is a constant curvature space and T ij is the eigentensor of∆ with eigenvalue k
T + 2nK as discussed in Refs. [72, 73] . Note also that the number of independent components of T ij is (n − 2)(n + 1)/2 and only when n 3, the tensor harmonics are nontrivial.
In terms of T ij , the tensor-type components of h µν can be expanded as
where H T is a scalar on (N m , g ab ).
Then we obtain a nontrivial equation for H T from Eq. (14)
The tensor-type component admits only a single scalar field H T on N m , and thus, together with the harmonic tensor field T ij , describes (n − 2)(n + 1)/2 independent components among the (m + n − 2)(m + n + 1)/2 dynamical degrees of freedom for h µν .
B. Vector-type component
Next we consider the vector-type components of h µν . We introduce the harmonic vector fields V i on K n which satisfy
where the eigenvalue k 2 V is given, for instance, when K n is the unit n-sphere, by k 2 V = l(l + n − 1) − 1 , l = 1, 2, . . . . The number of independent components of V i is n − 1 and only when n 2, V i is nontrivial. We also define the symmetric tensor V ij by
which satisfies∆
The vector-type components of h µν can be expanded in terms of V i as
where (f a , H T ) are a vector and a scalar field on (N m , g ab ). We find that Eqs. (12), (15) , and (17) are identically satisfied. From Eqs. (13), (14) , and (16) we obtain
We can eliminate H T from Eq. (27) by use of Eq. (26). Then we have
Since we have only a single constraint (26) , the vector-type components (f a , H T ) together with V i describe m(n − 1) dynamical degrees of freedom for h µν .
C. Scalar-type component
We introduce the harmonic scalar fields on K n by
We also define
The scalar-type components of h µν can be expanded by
where (f ab , f a , H L , H T ) are a tensor, a vector, and two scalar fields on (N m , g ab ). The transverse-traceless conditions (15) , (16) , and (17) 
The field equations (12) and (13) lead to 
Equation (14) provides two equations. One of them corresponds to the trace part:
and the other corresponds to the traceless part:
Since Eqs. (33), (34) , and (35) may be viewed as m + 2 constraints on m(m + 1)/2 + m + 1 + 1 components of (f ab , f a , H L , H T ), the scalar-type components with a scalar field S describe m(m+1)/2 independent components of h µν . Thus, the tensor-, vector-, and scalar-type components all together describe (n−2)(n+1)/2+m(n−1)+m(m+1)/2 = (m + n − 2)(m + n + 1)/2 dynamical degrees of freedom for the massive tensor field h µν on our (m + n)-dimensional spacetime, as should be so. All the equations obtained so far hold in a fairly generic class of background geometries given by the metric (3). In the following sections, we set m = 2 so that our background metric (3) describes static, extremal (and near-extremal) black hole. Then we apply the near-horizon expansion scheme in order to reduce the above equations to a set of decoupled equations for each tensorial type.
IV. 4-DIMENSIONAL REISSNER-NORDSTROM BLACK HOLE
In this section, we consider, as a concrete example, 4-dimensional extremal (and near-extremal) Reissner-Nordstrom black hole, and applying the near-horizon expansion mentioned before, we derive a set of decoupled equations for the vector and scalar-type. Note that there does not exist the tensor-type component in the four-dimensional case n = 2. Note also that in the standard black hole perturbation theory, the vector-and scalar-type are sometime called the axial (or odd)-mode and polar (or even)-mode, respectively.
A. The background metric
Let us assume that m = n = 2, K = 1, and γ ij dz i dz j = dΩ 2 (2) be the unit two-sphere metric. Then, the fourdimensional Reissner-Nordstrom metric is given in the (ingoing) Eddington-Finkelstein coordinates y a = (v, x), r = r + (1 + x), as
where the constant r + denotes the radius of the event horizon located at x = 0. The constant σ is called the extremality parameter and related to the inner-horizon radius r − as
so that when σ ≪ 1, the metric (42) is referred to as near-extremal and when σ = 0 as extremal black hole. Further, by taking the scaling transformation,
with the scaling parameter λ > 0, the metric (42) becomes
The Ricci tensor of N 2 is given by
We use units in which r + = 1 in what follows. On the background metric, (45), we examine the equations of motion for massive tensor perturbations given in the previous section. We shall perform the analysis in the vector-and scalar-type components, separately.
B. Vector-type component
We first consider the equations for the vector-type components. The explicit form of Eq. (26) is expressed as
The a = (x, v) components of Eq. (29) are respectively expressed as
We assume that the field variables H T and f a can be expanded in power series in λ as
With these expressions, expanding Eqs. (47), (48), and (49) in terms of λ, we obtain
Here, the differential operators L (m)
the differential operators L (m)
and the differential operators L (m)
Since all the coefficients of λ l must vanish, we obtain the equations for Φ (l)
Thus, at the leading-order, we have two mutually decoupled, homogeneous master equations for the two master variables (Φ
V2 ) on the near-horizon geometryḡ
Once these two variables have been solved, the third variable Φ
V3 can be determined by the two. Similarly, at l( 1)th-order, we have two mutually decoupled inhomogeneous equations for the two master variables (Φ V2 ) at each order together with the harmonic vector V i describe two dynamical degrees of freedom, which the vector-type component should be responsible for describing.
C. Scalar-type component
We turn to consider the scalar-type components (38)- (41) . First, the explicit form of the (a, b) = (x, x)-, (x, v)-, and (v, v)-components of Eq. (38) are expressed, respectively, as
Next, the a = x-and a = v-components of Eq. (39) are expressed, respectively, as
Thirdly, Eqs. (40) and (41) are expressed, respectively, as
Now we assume that H T , H L , f a , f ab are expanded as the following series in λ:
Expanding Eqs. (63)- (68) in λ, we obtain
Here the differential operators L (m)
The differential operators L 
and the differential operators L 
At the leading-order, we have four mutually decoupled, homogeneous equations for (Φ
S1 , Φ
S2 , Φ
S3 , Φ
S4 ). Furthermore, from the transverse-traceless conditions (33), (34) , and (35), we have
Equations (107) and (109) imply that Φ S4 , Φ S6 are determined by (Φ S2 , Φ S3 ), and Eq. (110) implies that Φ S5 can be determined by (Φ S1 , Φ S2 , Φ S3 ). Then, Φ S7 can also be determined via (108). Therefore, we can view the three variables (Φ
S3 ) as the leading-order master variables, which are governed by the homogeneous master wave equations on the near-horizon geometry:
Once these three variables have been solved, the remaining variables (Φ
S4 , Φ
S5 , Φ
S6 , Φ
S7 ) can be determined by the three as explained above. Similarly, at l( 1)th-order, we have three mutually decoupled inhomogeneous equations for the three master variables (Φ SI , I = 1, 2, 3 at each order together with the harmonic scalar S describe three dynamical degrees of freedom, which the scalar-type components should be responsible for describing.
D. General solutions to the leading-order master equations
We provide the general solutions to the leading-order master equations in the extremal and near-extremal ReissnerNordstrom backgrounds. Assuming the time dependency Φ ∝ e −iωv , the leading-order five equations-Eqs. (62) for the vector-type and Eqs. (111) for the scalar-type-reduce to the following two ordinary differential equations:
where Λ collectively denotes V1, V2, S1, S2, S3. More precisely, Φ
V1 , Φ
S1 , and Φ [46] , respectively. We can immediately solve these equations and obtain the general solutions to Eq. (112) as,
where 2 F 1 , I ν , and K ν denotes, respectively, the hypergeometric function, and the modified Bessel functions with ν := A + µ 2 + 1/4, and where C 1 , C 2 are arbitrary constants. They are the same as Eqs. (81) and (84) 
for σ = 0, Φ
where ν := B + µ 2 + 1/4. See also Eqs. (82) and (85) of Ref. [46] , respectively. The higher l( 1)th-order equations for Φ
Λ , Λ = V1, V2, S1, S2, S3 all take schematically the following form
where L (0) denotes the second-order differential operators appeared in the left-hand sides of Eqs. (112) and (113) Λ to the leading-order master equations, once the boundary conditions of interest are determined, one can construct the Green functions, formally expressed as G (0) = L (0)−1 , by the standard argument and then obtain higher-order solutions at any order as Φ
Λ .
V. GENERAL EXTREMAL AND NEAR-EXTREMAL BLACK HOLES
In this section, we generalize our previous analyses to the case of D = 2 + n-dimensional general black holes with two horizons at r = r ± . The general form of the metric in Eddington-Finkelstein-type coordinates is given by
where x = 0 corresponds to the event (outer) horizon, λ denotes the scaling parameter, σ := (r + − r − )/r + the extremality parameter as before, and where g(λx) > 0 is a generic, regular and positive (nonvanishing) function. As in the Reissner-Nordstrom case, by taking the limit λ → 0, we obtain the near-horizon geometry for the extremal (σ = 0) and near-extremal (σ = 0) black holes. Hereafter we normalize r + = 1. We expand the background metric functions, F (λx) and r(λx) in terms of λ as
where g (l) , r (l) are assumed to be smooth functions of x with the leading-order g (0) , r (0) being some constants. For later convenience, we also introduce the following quantity ∆ (l) (abc;def ) defined by
where the prime ′ denotes the derivative by x and a, b, c, d, e, f each takes one of the values 0, 1, 2. The concrete expressions of ∆ (l) (abc;def ) are given in Appendix.
A. Tensor-type component
Let us first consider the tensor-type component of the massive tensor field perturbations. This is the case when D = 2 + n 5 since the harmonic tensor fields T ij on K n are not identically vanishing only when n 3. The explicit form of Eq. (21) on this background is of the form
Let us assume that H T is expanded as series in λ as
By using this expression and Eq. (122), we can expand Eq. (123) in λ
where
is defined by 
Since all the coefficients of λ l must vanish, we have
Thus, for the leading-order, we have the homogeneous wave equation for the single scalar variable Φ 
B. Vector-type components
Next we consider the vector-type components. The explicit form of Eq. (28) on this background is of the form
The a = x and a = v components of Eq. (29), respectively, take the following forms:
We expand H H and f a as series in λ
Expanding Eqs. (128)- (130) in λ, together with the formula (122), we have
respectively. Here the differential operators L 
the differential operators L 
where we have used that
β3 vanish because the background reduces to the near-horizon geometry at the leading-order of λ-series. We note that as in the Reissner-Nordstrom case, the equations for the two scalar variables (Φ
V2 ) are mutually decoupled wave equations with the source terms consisting only of the lower-order variables. Thus, once we have solved the leading-order homogeneous wave equations, we can successively solve the equations above at, in principle, all order.
C. Scalar-type components
Let us finally consider the scalar-type components. First we find that each component of Eq. (38) takes the following form:
The above equations are, respectively, the (a, b) = (x, x)-, (x, v)-, and (a, b) = (v, v)-components of Eq. (38) . Next, we find that each component of Eq. (39) takes the following form:
These two equations are, respectively, a = x-and a = v-component of Eq. (39) . Finally, we find that the explicit forms of Eqs. (41) and (40) are
Now we assume that we can expand f ab , f a , H L , and H T as series in λ
Expanding Eqs. (143)- (149) in λ and using the formula (122), we obtain
Here, the differential operators L 
the differential operator L 
where we have used that the background reduces to the near-horizon geometry at the leading-order of λ-series. The structure of the above set of equations are the same as that of the Reissner-Nordstrom case. Namely, we have, at the leading-order, four mutually decoupled, homogeneous equations for (Φ 0)
As is also the ReissnerNordstrom case, by using the transverse-traceless conditions (33) , (34) , and (35), we find that (Φ S3 ) as the leading-order master variables, governed by the homogeneous master wave equations on the near-horizon geometry, schematically expressed as
We also have, at l( 1)th-order, three mutually decoupled inhomogeneous equations for (Φ
S3 ), schematically expressed in the form
where the source term S (l) consists only of the lower-order variables Φ (l−m) , and the remaining equations can be used to determine Φ (l) SJ , J = 4, 5, 6, 7. Therefore, as in the Reissner-Nordstrom case, once the leading-order master variables Φ (0) SI , I = 1, 2, 3 have been obtained, we can successively obtain the solutions at any order of λ.
VI. SUMMARY AND DISCUSSION
In this paper we have developed a new perturbation method to solve linear massive tensor (spin-2) fields h µν in a fairly generic class of D = (2 + n)-dimensional static, extremal and near-extremal black hole spacetimes. Within our perturbation framework, we have derived, for the first time, a set of mutually decoupled master equations for the massive tensor field on such a black hole background. When D 5, the massive tensor field can be classified into the tensor-, vector-, and scalar-type according to their behavior on K n , and one can treat each tensorial type separately.
We have introduced tensor harmonics T ij , V i , and S on the Einstein space K n , separated the "angular variables" and reduced the massive tensor field equations to the sets of equations on the 2-dimensional spacetime N 2 spanned by the Killing time and radial coordinates y a = (v, x). At this stage, the reduced equations of motion were still coupled. We then restricted our attention to the extremal and near-extremal black hole backgrounds, which admit the nearhorizon geometry obtained by taking the scaling limit λ → 0. Then, we performed the near-horizon expansion of both the background metric and the field variables with respect to λ and derived the set of mutually decoupled master equations on N 2 : Eq. (127) for the tensor-type, Eqs. (106) for the vector-type, and Eqs. (186) for the scalar-type.
At each order of λ (say, l-th order), the tensor-type has the single master variable Φ
T , the vector-type has the two master variables (Φ S3 ). Collectively denoting these master variables by Φ (l) , we have found that the massive tensor field equations are reduced to the decoupled set of equations, schematically expressed in the form
where L (0) is the derivative operator on the near-horizon geometry N 2 , and where the source term S (l) consists only of the lower-order variables Φ (l−m) . For the leading-order l = 0, this reduces to the homogeneous wave equations with vanishing source term. Thus, once we have solved the leading-order master equations, by constructing Green's function of L (0) , we can successively solve the above equations (189). Together with the tensor harmonics T ij , V i , and S on K n , the master variables Φ (l) = {Φ
S3 } on N 2 describe the all n(n + 3)/2 dynamical degrees of freedom for h µν . As a concrete case, we have performed the above analysis in the four-dimensional extremal and near-extremal Reissner-Nordstrom black hole background. In this four-dimensional background, we have only the vector-and scalar-type components as the tensor-type components become trivial. Thus, we have five master scalar variables, Φ (l) = {Φ
S3 } at each order. We have given the general solutions for the leading order master equations (62) and (111).
In this paper, we focused on formulating our perturbation method. For applications in astrophysical problems, clearly an important task is to generalize the present method to the extremal and near-extremal Kerr black hole background. Another interesting problem may be to use our perturbation method to study in detail the stability of static extremal and near-extremal black holes in asymptotically AdS spacetimes in the context of AdS-CFT correspondence.
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